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The stability of the plane interface separating two Rivlin-Ericksen elastico-viscous superposed 
fluids of uniform densities when the whole system is immersed in a uniform horizontal magnetic field 
has been studied. The stability analysis has been carried out, for mathematical simplicity, for two 
highly viscous fluids of equal kinematic viscosities and equal kinematic viscoelasticities. It is found 
that the stability criterion is independent of the effects of viscosity and viscoelasticity and is 
dependent on the orientation and magnitude of the magnetic field. The magnetic field is found to 
stabilize a certain wave-number range of the unstable configuration. The behaviour of growth rates 
with respect to kinematic viscosity and kinematic viscoelasticity parameters are examined numeri-
cally. 

1. Introduction 

The instability of the plane interface separating two 
Newtonian fluids when one is accelerated towards the 
other or when one is superposed over the other has 
been studied by several authors, and Chandrasekhar 
[1] has given a detailed account of these investigations. 
Roberts [2] has extended the analysis to the case of two 
fluids of equal kinematic viscosities in presence of a 
vertical magnetic field, while Gerwin [3] has studied 
the case of compressible streaming fluids. The influ-
ence of viscosity on the stability of the plane interface 
separating two incompressible superposed fluids of 
uniform densities, when the whole system is immersed 
in a uniform horizontal magnetic field has been stud-
ied by Bhatia [4]. He has carried out the stability 
analysis for two fluids of equal kinematic viscosities 
and different uniform densities. A good account of 
hydrodynamic stability problems has also been given 
by Drazin and Reid [5] and Joseph [6]. 

The fluids have been considered to be Newtonian in 
all the above studies. The stability of a layer of vis-
coelastic (Oldroyd) fluid heated from below and sub-
ject to a magnetic field has been studied by Sharma [7], 
In another study Sharma and Sharma [8] have studied 
the stability of the plane interface separating two vis-
coelastic (Oldroyd) superposed fluids of uniform den-
sities. Fredricksen [9] has given a good review of non-
Newtonian fluids whereas Joseph [6] has also 
considered the stability of viscoelastic fluids. Molten 
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plastics, petroleum oil additives and whipped cream 
are examples of incompressible viscoelastic fluids. 
There are many non-Newtonian fluids that cannot be 
characterized by Oldroyd's [10] constitutive relations. 
The Rivlin-Ericksen elastico-viscous fluid is one such 
fluid. It is this class of elastico-viscous fluids we are 
interested in particularly to study the stability of the 
plane interface separating two incrompressible super-
posed Rivlin-Ericksen fluids of uniform densities per-
vaded by a uniform horizontal magnetic field in addi-
tion to a constant gravity field. This aspect forms the 
subject of the present paper where we have carried out 
the stability analysis for two fluids of equal kinematic 
viscosities, equal kinematic viscoelasticities and differ-
ent densities. 

2. Perturbation Equations 

Consider a static state, in which an incompressible, 
infinitely conducting, Rivlin-Ericksen elastico-viscous 
fluid of variable density pervaded by a uniform mag-
netic field H(HX,HY, 0) is arranged in horizontal 
strata and the pressure p and density q are functions 
of the vertical coordinate z only. The character of the 
equilibrium of this initial static state is determined, as 
usual, by supposing that the system is slightly dis-
turbed and then by following its further evolution. 

Let q(u, v, w), öq, öp and h(hx,hy,h:) denote the 
perturbations in velocity (0, 0, 0), density g, pressure p 
and magnetic field H, respectively. Then the linearized 
hydromagnetic perturbation equations relevant to the 
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problem are 

e*7T = —S/öp + gög + gl v + v'^)V20 dt dt (1) 

+ 
1 TW {üp d dp'\{dw dq\ 
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(10) 

(11) 

(12) 

(13) 

V q = 0, 

V h = 0 , 
d c - ö q = - w Dg, 
et 

dh 
dt 

= V x ( q x H ) , 

(2) 

(3) 

(4) 

(5) 

where v = - and v' = — I denote the kinematic 
V Qj \ QJ 

viscosity and kinematic viscoelasticity of the fluid, 
g = (0,0, — g) is the acceleration due to gravity, 

d 
x = (x, y, z), and D — — . Since the density of a fluid 

dz 
particle remains unchanged if we follow it with its 
motion, we have 

dg 

ft+(qV)Q = 0. 

This additional equation must be satisfied since the 

ikxu + ikyv + Dw = 0, 

i kx hx + i ky hy + D hz = 0, 

nög = — w Dg , 

nh = (i kx Hx + i ky Hy) q . 

Eliminating u, v, hx, hy, hz, ög and dp in (7)-(9) with 
the help of (10)-(13), we obtain 

n[D(gDw)-k2gw] + Dg)w 

— [D {^(v + v' n)(D2 — k2)Dw} 
— k2 g(v + V n)(D2 — k2)w] 

+ -r1- (kx Hx + ky Hy)2 (D2 - k2) w 
4nn y y 

— [D {(D p + nD p') (D2 + / c 2 ) w } 
-2k2{Dp + nDp')Dw] = 0. (14) 

3. Two Superposed Rivlin-Ericksen Fluids Separated 
by a Horizontal Boundary 

Here we consider the case when two Rivlin-Erick-
sen superposed fluids of uniform densities q1,q2, vis-
cosities P i , p 2 and viscoelasticities p\,p'2 are sepa-
rated by a horizontal boundary at z = 0. The 

fluid is heterogeneous. For a homogeneous fluid, this subscripts 1 and 2 indicate the lower and upper fluid, 
is identically satisfied and (4) is its linearized perturbed T h e n > i n e a c h r e S i o n o f constant g, constant p and 
form. 

Decomposing disturbances into eigen modes, we 
seek solutions whose dependence on x, y and t is given 
by 

exp (i kxx + ikyy + nt), (6) 

where kx,ky are horizontal wave numbers, 
k2 = kl + ky, and n is a complex constant. 

For perturbat ions of the form (6), (1)—(5) give 

gnu = - ikxöp + e(v + v'n){D2 - k2)u (7) 

+ (i ky hx — i kx h ) + (D p + n D p) (i kxw + Du), 
4n 

gnv = - ikyöp + g(v + v'n)(D2 - k2)v (8) 

Hx 
+ ^(ikxhy -ikyhx) + {Dp + nDp'){ikxw + Dv), 

gnw = — D öp — g ög + g(v + V n) (D2 — k2) w 

+ ^ (i kx hz - Dhx)+^ (i k hz — D hy) 4n 4n y 

constant p', (14) reduces to 

(D2 — k2) (D2 — k:2) w = 0 , 

where 

v + v' n 
1 + -~^T-(kxHx+kyHy)2 

4nn g 

(15) 

• (16) 

Since w must vanish both when z —• -I- oo (in the upper 
fluid) and z — oo (in the lower fluid), the general 
solution of (15) can be written as 

w t = A1e+kz + B,e+KlZ{z < 0) , 

w7 = A-, e~kz + B,e~K,z' 

(17) 
: (z > 0) , (18) 

where Ax, Bx, A2, B2 are constants of integration, 

+ 2(Dp + nDp')Dw , (9) 

and 

K-, = 

k2 + 

k2 + 

vx + n vi 

v2 + n v2 

1 + 

1 + 

(kxHx + kyHyY 
4ngln2 

(kxHx + kyHyY 
4ng2n2 

1/2 

, (19) 

1/2 

. (20) 
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In writing (19) and (20), it is assumed that k1 and k2 the interface z = 0 are that 
are so defined that their real parts are positive. ^ 

D vv (22) 
4. Boundary Conditions a n c j 

The solutions (17) and (18) must satisfy certain (p + h' n) {D2 + k2) w (23) 
boundary conditions. Clearly, all three components of 
velocity and tangential viscous stresses must be con- must be continuous. 
tinuous. The continuity of D w follows from (10) and Integrating (14) across the interface z = 0, we obtain 
the continuity of u and v. Since another condition: 

"1 
(fi2 + nn'2)(D2-k2)Dw: n 

and 

Xxz = [ 2 , + 2p'^jexz = (n + n'n)(Du + ikxw) - Z)wl]z = 0 -

- - ( f i 1 + n(i'1)(D2-k2)Dw1 n 

Tyz = l2n + 2n' -J eyz = (|£ + /i' n)(D v + iky w) + ^ 2 ( D w2 w t ) 2 = 0 

gk2
 r ontinuous, = ö i ]w 0 n 

ikxxxz + ikyxyz = - {n + fi' n)(D2 + k2)w 2k2 

(fi2 + nn'2 — Hi — nfi\){Dw )0 , (24) 
is continuous across an interface between the two flu- n 
ids. Hence the boundary conditions to be satisfied at , , / n * , f J where w0 and (D w )0 are the common values of Wj, w2 

and D w x , D w2 , respectively, at z = 0. 

5. Dispersion Relation and Discussion 

Applying the boundary conditions (21)—(24) to the solutions (17) and (18), we obtain 

det(a v ) = 0 , (25) 

where i,j = 1, 2, 3, 4 and 

«11=012 = 1, a13 = al4r=-l, a2l=a23 = k, a22 = Kl, a2A = K2, a3l = 2 k2 + n , 
a32 = (Mi + nn\){K\ + k2), a33 = - 2 k2 (fi2 + n p'2), a34 = - {fi2 + nh'2){k2

2 + k2), 

R k2 {k- VA)2' 
~ a l + ^ + ~ (V2 a 2 + " V2 a 2 ~ V1 a l - n V'l a l ) 2 

a^ = 

aAA = 

2 n 
R k 
- -I— (v2 x2 n v'2 a 2 — v. a, — n v', a . ) K, 
2 n 

R k2 {k • VA)2' 
- a 2 + - - — (v2 a 2 + n v2 a 2 - - n vx a j ^— 

R k 
- - - ( v 2 a 2 + nv ' 2 a 2 - vx a x -nv'loi1)K2 

gk 
«1=—57—, a2 = ~ » R = y-j(x2-0Ll), (k-VA)2 = 

(kxHx + kyHyf 

Q1 + Q2 '01+02 " 47r(0i +02) 

Here k is the wave number vector and VA is the Alfven velocity vector. 

(26) 
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Equation (25) yields the following characteristic equation 

531 

— 2 k2 (v2 cc2 + nv'2cc2 — <xl — n v\ a j 

fc (k • VA2 

- ( v 2 a 2 + nv ' 2a 2 - vx a x -nv\al)(K2 - k) + a 2 + 

+ { R - 1 - 2(* • ^ 
{(v2a2 + nv ' 2 a 2 ) ( / c 2 - f c 2 )} 

- 2 f c {fc (k • V )21 

- - ( v 2 a 2 + «v ' 2 a 2 - Vi**! - n v ' , a ^ f o - fc) + a 2 + — 
I k (k • v y 

+ (v2 a 2 + n v2 a 2 ) ( K 2 — ( v 2 a 2 + n v2 a 2 — v t a x — n a 1 ) ( /c 1 - fc) + oq + 

+ (/c2 - fc) (v t a x + n v i a j ^ - fc2)<Ä - 1 - 2 (k • vAy 
+ 2 fc2 (v2 a 2 + n v'2 a 2 — vx — n vi ax) 

(fc (A: • V )2 

' ^ " ( V 2 a 2 + " V 2 a 2 — V1 a l - "Vj <*!)(*! - fc) + ax + r^— = 0 (27) 

The dispersion relation (27) is quite complicated, as 
the values of Kt and k2 involve square roots. We there- For the potentially stable arrangement > a 2 , (30) 
fore make the assumption that the two fluids are of does not involve any change of sign and so does not 
high viscosity and high viscoelasticity. Under this as- allow any positive root. The system is therefore stable. 
sumption, we have 

k = k 1 + 
n 

= fc + 

so that 

— fc = 

(v + nv')k2 

n 

1 + 
(kxHx + kHv): 1/2 

2(v + nv')k 

2(vx + nv \ )k 

1 + 

1 + 

4 n Q n 

(,kxHx + k,Hy)2 

Align2 

(k • vAr 

and 

fc = 
2(V2 + « v2) fc 

a.l n 

(* • VA)2 

(28) 

This result is also true when both the fluids are viscous 
(Chandrasekhar [1]) or Oldroydian viscoelastic 
(Sharma [11]). 

For the potentially unstable configuration a 2 > a t , 
if 

2(k • VA)2 > gk(a2 — a j , (31) 

(30) does not admit any change of sign and so has no 
positive root. Therefore the system is stable. 

However, if 

2(k • VA)2 < gk(a2 — a t ) , (32) 
(* ' vaY I 

1 + - (29) the constant term in (30) is negative. Equation (30), 
therefore, allows one change of sign and so has one 

Substituting the values of /q — fc and k2 — k from (28) positive root. The occurrence of a positive root implies 
and (29) in (27) and putting vx = v2 = v, v\ = v2 = v' that the system is unstable. 
(the case of equal kinematic viscosities and equal kine- Thus for the unstable case a 2 > o c j , the magnetic 
matic viscoelasticities for mathematical simplicity, but field has got a stabilizing effect and the system is stable 
this assumption does not affect the stability analysis for all wave numbers which satisfy the inequality 
qualitatively), we obtain the dispersion relation 

[<*! a 2 (1 + 2 fc2 v')] n6 -(- [2 fc2
 a i a 2 v] n5 

+ [ a i a 2 (2 ( ^ ' VA)2-gk(a2-ai)} 

+ (k • VA)2 ( 1 + 2 fc2 v')] n4 + [2 fc2 v (k • VA)2] n3 

+ [(k-VA)2{2(k-VA)2-gk(x2-0Ll)} 

+ (k • VA)4 ( 1 + 2 fc2 v')] n2 + [2 fc2 v (k • V A f ] n 

i.e. 

2 ( k - VA)2 > gk(tx2 — ocj), 

2k(V1 cos 0 + V2 sin 0) > g(ct2 — a j , (33) 

where Vt and K2 are the Alfven velocities in x and y 
directions and 0 is the angle between k and Hx. 

The stability criterion (31) is independent of the 

+ [(* " ^i)4{2 {k • VA)2-gk(oi2-oil)}]=0. (30) effect of viscosity and viscoelasticity. The magnetic 
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8.2 0.4 8.6 8.8 1 

• : v = 1, + : v = 2, o: v = 5 

Fig. 1. The variation of the growth rate c (positive real value 
of n) with the wave number k for the kinematic viscosities 
v = 1, 2, 5 when = 0.38, a2 = 0.62, v' = 2, VA = 15 and 
0 - 45°. 

• : v' = 3, + : v' = 5, o: v' = 10 

Fig. 2. The variation of the growth rate c (positive real value 
of n) with the wave number! for the kinematic visco-elastic-
ities v' = 3, 5, 10 when a t = 0.38, a2 = 0.62, v = 2, VA = 15 
and 0 = 45°. 

field stabilizes a certain wave-number range of the 
unstable configuration even in the presence of the ef-
fects of viscoelasticity. The critical wave number k*, 
above which the system is stabilized, depends on the 
magnitudes VL and V2 of the magnetic field as well as 
the orientation of the magnetic field 0 . 

We now examine the behaviour of growth rates 
with respect to kinematic viscosity and kinematic 
viscoelasticity numerically. We have plotted the 
growth rate c (positive real value of n) versus the wave 

number k for several values of the kinematic viscosity 
v and the kinematic viscoelasticity v' in Figs. 1 and 2, 
respectively. 

It is seen from Fig. 1 that for the same wave num-
ber k the growth rate c decreases as the kinematic 
viscosity v increases, and that for the same kinematic 
viscosity v the growth rate increases for low wave 
numbers and decreases for high wave numbers. Simi-
lar effects can be seen from Fig. 2 for the kinematic 
viscoelasticity. 
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